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An important problem in quantum information theory is the quantification of entanglement in
multipartite mixed quantum states. In this work, a connection between the geometric measure of
entanglement and a distance measure of entanglement is established. We present a new expression
for the geometric measure of entanglement in terms of the maximal fidelity with a separable state. A
direct application of this result provides a closed expression for the Bures measure of entanglement
of two qubits. We also prove that the number of elements in an optimal decomposition w.r.t. the
geometric measure of entanglement is bounded from above by the Caratheodory bound, and we find
necessary conditions for the structure of an optimal decomposition.
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I. INTRODUCTION
Entanglement [1] is one of the most fascinating features of
quantum mechanics, and allows a new view on inform-
ation processing. In spite of the central role of entan-
glement there does not yet exist a complete theory for
its quantification. Various entanglement measures have
been suggested - for an overview see [2, 3].
A composite pure quantum state |ψ〉 is called entangled
iff it can not be written as a product state. A composite
mixed quantum state ρ on a Hilbert space H = ⊗nj=1Hj
is called entangled iff it cannot be written in the form
[2, 4]
ρ =
∑
i
pi
(
⊗nj=1 |ψ(j)i 〉 〈ψ(j)i |
)
(1)
with pi > 0,
∑
i pi = 1, and where n ≥ 2 and |ψ(j)i 〉 ∈ Hj .
The degree of entanglement can be captured in a function
E (ρ) that should fulfil at least the following criteria [2]:
• E (ρ) ≥ 0 and equality holds iff ρ is separable [5],
• E cannot increase under local operations and clas-
sical communication (LOCC), i.e. E (Λ (ρ)) ≤
E (ρ) for any LOCC map Λ.
These criteria are satisfied by all measures of entangle-
ment presented in this paper. One possibility to define
an entanglement measure for a mixed quantum state ρ
is via its distance to the set of separable states [6], for
an illustration see Figure 1. Another possibility to define
an entanglement measure for a mixed quantum state ρ
is the convex roof extension, in which the entanglement
is quantified by the weighted sum of the entanglement
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measure of the pure states in a given decomposition of ρ,
minimised over all possible decompositions. There is no a
priori reason why these two types of entanglement meas-
ures should be related. In this paper we will establish a
link between them, by showing the equality between the
convex roof extension of the geometric measure of entan-
glement for pure states, and the corresponding distance
measure based on the fidelity with the closest separable
state. Using this result, we will also study the properties
of the optimal decompositions of the given state ρ, and
its closest separable state.
Our paper is organised as follows: In section II we provide
the definitions of the used entanglement measures. In
section III we derive a main result of this paper, namely
the equality between the convex roof extension of the
geometric measure of entanglement and the fidelity-based
distance measure. In section IV we study the most simple
composite quantum system, namely two qubits, give an
analytical expression for the Bures measure of entangle-
ment, and consider other measures that are based on
the geometric measure of entanglement. In section V
we characterise the optimal decomposition of ρ (i.e. the
one that reaches the minimum in the convex roof con-
struction) from knowledge of the closest separable state
and vice versa. Finally, in section VI we derive a neces-
sary criterion that the states in an optimal decomposition
have to fulfil. We conclude in section VII.
II. DEFINITIONS
Two classes of entanglement measures are considered in
this paper. The first class consists of measures based on
a distance [6, 7]:
ED (ρ) = inf
σ∈S
D (ρ, σ) , (2)
where D (ρ, σ) is a “distance” between ρ and σ and S is
the set of separable states. This concept is illustrated in
Figure 1. Following [2], we do not require a distance to
be a metric. In this paper we will consider for example
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Figure 1. S denotes the set of separable states within the set
of all quantum states Q. The state σ is the closest separable
state to ρ, with respect to the distance D.
the Bures measure of entanglement [7]:
EB (ρ) = min
σ∈S
(
2− 2
√
F (ρ, σ)
)
, (3)
where F (ρ, σ) =
(
Tr
[√√
ρσ
√
ρ
])2 is Uhlmann’s fidelity
[8]. A very similar measure is the Groverian measure of
entanglement [9, 10], defined as
EGr (ρ) = min
σ∈S
√
1− F (ρ, σ) . (4)
As it can be expressed as a simple function of EB , we
will not consider it explicitly. Another important repres-
entant of the first class is the relative entropy of entan-
glement defined as [7]
ER (ρ) = min
σ∈S
S (ρ||σ) , (5)
where S (ρ||σ) is the relative entropy:
S (ρ||σ) = Tr [ρ log2 ρ]− Tr [ρ log2 σ] . (6)
The second class of entanglement measures consists of
convex roof measures [11]:
E (ρ) = min
∑
i
piE (|ψi〉) , (7)
where
∑
i pi = 1, pi ≥ 0, and the minimum is taken over
all pure state decompositions of ρ =
∑
i pi |ψi〉 〈ψi|. An
important example of the second class is the geometric
measure of entanglement EG, defined as follows [12]:
EG (|ψ〉) = 1− max|φ〉∈S |〈φ|ψ〉|
2
, (8)
EG (ρ) = min
∑
i
piEG (|ψi〉) , (9)
where the minimum is taken over all pure state decom-
positions of ρ. Entanglement measures of this form were
considered earlier in [13] and [14]. Another important
representant of the second class for bipartite states ρAB
is the entanglement of formation EF , which is for pure
states ρ = |ψ〉 〈ψ| defined as the von Neumann entropy
of the reduced density matrix,
EF (|ψ〉) = −Tr
[
ρA log2 ρA
]
, (10)
where ρA = TrB [|ψ〉 〈ψ|]. For mixed states this measure
is again defined via the convex roof construction [15]:
EF (ρ) = min{pi,|ψi〉}
∑
i
piEF (|ψi〉) . (11)
For two-qubit states analytic formulae for EF and EG
are known; both are simple functions of the Concurrence
[12, 16].
Remember that the Concurrence for a two-qubit state ρ
is given by [16]
C(ρ) = max{ξ1 − ξ2 − ξ3 − ξ4, 0} , (12)
where ξi, with i ∈ {1, 2, 3, 4}, are the square roots of the
eigenvalues of ρ · ρ˜ in decreasing order, and ρ˜ is defined
as ρ˜ = (σy ⊗ σy)ρ∗(σy ⊗ σy).
The entanglement of formation for a two-qubit state ρ as
a function of the concurrence is expressed as [16]
EF (ρ) = h(
1
2 +
1
2
√
1− C(ρ)2) , (13)
where h(x) = −x log2 x−(1−x) log2(1−x) is the Shannon
entropy. The geometric measure of entanglement for a
two-qubit state ρ as a function of the concurrence was
shown in [12] to be
EG(ρ) =
1
2(1−
√
1− C(ρ)2) . (14)
This formula was already found in [17] in a different con-
text. For bipartite states it is furthermore known that
[7]
EF (ρ) ≥ ER (ρ) , (15)
where for bipartite pure states the equal sign holds [7].
The geometric measure of entanglement plays an im-
portant role in the research of fundamental properties
of quantum systems. Recently it has been used to show
that the most quantum states are too entangled to be
used for quantum computation [18]. In [19] the authors
showed how a lower bound on the geometric measure of
entanglement can be estimated in experiments. A con-
nection to Bell inequalities for graph states has also been
reported [20].
III. GEOMETRIC MEASURE OF
ENTANGLEMENT FOR MIXED STATES
In this section we will show a main result of our paper:
the geometric measure of entanglement, defined via the
3convex roof, see eq. (9), is equal to a distance-based
alternative.
We introduce the fidelity of separability
Fs (ρ) = max
σ∈S
F (ρ, σ) , (16)
where the maximum is taken over all separable states of
the form (1).
Theorem 1. For a multipartite mixed state ρ on a fi-
nite dimensional Hilbert space H = ⊗nj=1Hj the following
equality holds:
Fs (ρ) = max{pi,|ψi〉}
∑
i
piFs (|ψi〉) , (17)
where the maximisation is done over all pure state de-
compositions of ρ =
∑
i pi |ψi〉 〈ψi|.
Proof. Remember that according to Uhlmann’s theorem
[21, page 411]
F (ρ, σ) = max
|φ〉
|〈ψ|φ〉|2 , (18)
holds for two arbitrary states ρ and σ, where |ψ〉 is a
purification of ρ and the maximisation is done over all
purifications of σ, which are denoted by |φ〉.
We start the proof with eq. (16). In order to find Fs (ρ)
we have to maximise |〈ψ|φ〉|2 over all purifications |φ〉 of
all separable states σ =
∑
j qj |φj〉 〈φj |, where all |φj〉 are
separable.
The purifications of ρ and σ can in general be written as
|ψ′〉 =
∑
i
√
p′i |ψ′i〉 ⊗ |i〉 , (19)
|φ′〉 =
∑
j
√
qj |φj〉 ⊗ U† |j〉 , (20)
where {p′i, |ψ′i〉} is a fixed decomposition of ρ, 〈k|l〉 = δkl
and U is a unitary on the ancillary Hilbert space spanned
by the states {|i〉}. To see that all purifications of a sep-
arable state σ =
∑
j qj |φj〉 〈φj | are of the form given
by |φ′〉, we start with an arbitrary purification |φ′′〉 =∑
k
√
rk |αk〉 ⊗ |k〉, such that σ =
∑
k rk |αk〉 〈αk| and〈k|l〉 = δk,l. Further holds: √rk |αk〉 =
∑
j ukj
√
qj |φj〉,
with ukj being elements of a unitary matrix [22]. Using
the last relation we get |φ′′〉 = ∑j √qj |φj〉 ⊗ |j′〉 with
|j′〉 = ∑k ukj |k〉. Thus we brought an arbitrary purific-
ation of σ to the form given by |φ′〉.
In order to find Fs (ρ) in the above parametrisation we
have to maximise the overlap |〈ψ′|φ′〉|2 over all unitar-
ies U , all probability distributions {qi} and all sets of
separable states {|φi〉}.
We will now show, that we can also achieve Fs (ρ) by
maximising the overlap |〈ψ|φ〉|2 of the purifications
|ψ〉 =
∑
i
√
pi |ψi〉 ⊗ |i〉 , (21)
|φ〉 =
∑
j
√
qj |φj〉 ⊗ |j〉 , (22)
where now the maximisation has to be done over all de-
compositions {pi, |ψi〉} of the given state ρ, all probab-
ility distributions {qi} and all sets of separable states
{|φi〉}. To see how this works we write the matrix U in
its elements, U =
∑
k,l ukl |k〉 〈l|, and apply it in the over-
lap |〈ψ′|φ′〉|2, thus noting that the action of the unitary
is equivalent to a transformation of the set of unnorm-
alised states
{√
p′i |ψ′i〉
}
to the new set
{√
pi |ψi〉
}
. The
connection between the two sets is given by the unitary:√
pi |ψi〉 =
∑
j uij
√
p′j |ψ′j〉, which is a transformation
between two decompositions of the state ρ, see also [21,
p.103f]. The advantage of this parametrisation is that
now both purifications have the same orthogonal states
on the ancillary Hilbert space.
We now do the maximisation of the overlap
|〈ψ|φ〉| =
∣∣∣∣∣∑
i
√
qi
√
pi 〈ψi|φi〉
∣∣∣∣∣ , (23)
starting with the separable states {|φi〉}. The optimal
states can be chosen such that all terms 〈ψi|φi〉 are real,
positive and equal to
√
Fs (|ψi〉) = max|φ〉∈S |〈ψi|φ〉|, it
is obvious that this choice is optimal. We also used the
fact that for pure states |ψ〉 it is enough to maximise over
pure separable states: Fs (|ψ〉) = max|φ〉∈S |〈ψ|φ〉|2. To
see this note that F (|ψ〉 〈ψ| , σ) = 〈ψ|σ|ψ〉. Suppose now,
the closest separable state to |ψ〉 is the mixed state σ with
the separable decomposition σ =
∑
j qj |φj〉 〈φj |, all |φj〉
being separable. Without loss of generality let |〈ψ|φ1〉| ≥
|〈ψ|φj〉| be true for all j. Then holds: F (|ψ〉 〈ψ| , σ) =
〈ψ|σ|ψ〉 = ∑j qj |〈ψ|φj〉|2 ≤ ∑j qj |〈ψ|φ1〉|2 = |〈ψ|φ1〉|2,
and thus |φ1〉 is a closest separable state to |ψ〉.
The maximisation over {|φi〉} gives us
max
{|φj〉}
|〈ψ|φ〉| =
∑
i
√
qi
√
pi
√
Fs (|ψi〉). (24)
Now we do the optimisation over qi. Using Lagrange
multipliers we get
√
qi =
√
pi
√
Fs (|ψi〉)√∑
k pkFs (|ψk〉)
, (25)
with the result
max
{qj ,|φj〉}
|〈ψ|φ〉|2 =
∑
i
piFs (|ψi〉) . (26)
4It is easy to understand that this choice of {qi} is op-
timal, when one interprets the right hand side of eq.
(24) as a scalar product between a vector with entries
(√p1
√
Fs (|ψ1〉),√p2
√
Fs (|ψ2〉), ...) and a vector with
entries (√q1,√q2, ...). The scalar product of two vectors
with given length is maximal when they are parallel.
In the last step we do the maximisation over all decom-
positions {pi, |ψi〉} of the given state ρ which leads to the
end of the proof, namely
Fs (ρ) = max |〈ψ|φ〉|2 = max{pi,|ψi〉}
∑
i
piFs (|ψi〉) . (27)
We can generalise Theorem 1 for arbitrary convex sets;
the result can be found in Appendix A. Using Theorem
1 it follows immediately that the geometric measure of
entanglement is not only a convex roof measure, but also
a distance based measure of entanglement:
Proposition 1. For a multipartite mixed state ρ on a fi-
nite dimensional Hilbert space H = ⊗nj=1Hj the following
equality holds:
EG (ρ) = 1−max
σ∈S
F (ρ, σ) . (28)
Proposition 1 establishes a connection between EG and
distance based measures like the Bures measure EB and
Groverian measure EGr. All of them are simple functions
of each other.
In [23] the authors found the following connection
between ER and EG for pure states:
ER (|ψ〉) ≥ − log2 (1− EG (|ψ〉)) . (29)
This inequality can be generalised to mixed states as fol-
lows:
ER (ρ) ≥ max {0,− log2 (1− EG (ρ))− S (ρ)} , (30)
where S (ρ) = −Tr [ρ log2 ρ] is the von Neumann entropy
of the state. The inequality (30) is a direct consequence
of the following proposition.
Proposition 2. For two arbitrary quantum states ρ and
σ holds:
S (ρ||σ) ≥ Tr [ρ log2 ρ]− log2 F (ρ, σ) . (31)
Proof. With ρ =
∑
i pi |ψi〉 〈ψi| we will estimate−Tr [ρ log2 σ] from below:
− Tr [ρ log2 σ] = −
∑
i
pi 〈ψi| log2 σ|ψi〉 (32)
≥ −
∑
i
pi log2 〈ψi|σ|ψi〉 . (33)
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Figure 2. Entanglement of formation EF (dotted curve), re-
lative entropy of entanglement ER (solid curve) and E =
max {0,− log2 (1− EG (ρ))− S (ρ)} (dashed curve) of the
state ρ = p |ψ〉 〈ψ| + (1− p) |01〉 〈01| with |ψ〉 = √a |01〉 +√
1− a |10〉 for p = 99100 as a function of a.
Here we used concavity of the log function:
log2 〈ψi|σ|ψi〉 ≥ 〈ψi| log2 σ|ψi〉 . (34)
Using concavity again we get
∑
i pi log2 〈ψi|σ|ψi〉 ≤
log2
∑
i pi 〈ψi|σ|ψi〉 and thus
− Tr [ρ log2 σ] ≥ − log2
∑
i
pi 〈ψi|σ|ψi〉 (35)
= − log2 Tr [ρσ] . (36)
The fidelity can be bounded from below as follows:
F (ρ, σ) =
(
Tr
[√√
ρσ
√
ρ
])2
=
(∑
i
λi
)2
(37)
≥
∑
i
λ2i = Tr [
√
ρσ
√
ρ] = Tr [ρσ] , (38)
where λi are the eigenvalues of the positive operator√√
ρσ
√
ρ.
The inequality (30) becomes trivial for states with high
entropy. As a nontrivial example we consider the two
qubit state
ρ = p |ψ〉 〈ψ|+ (1− p) |01〉 〈01| , (39)
with |ψ〉 = √a |01〉 +√1− a |10〉. This state was called
generalised Vedral-Plenio state in [24], where the authors
showed that the closest separable state σ with respect to
the relative entropy of entanglement is given by
σ = (1− p+ pa) |01〉 〈01|+ p (1− a) |10〉 〈10| . (40)
In Figure 2 and 3 we show the plot of EF
(dotted curve), ER (solid curve) and E =
5EF
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Figure 3. Entanglement of formation EF (dotted curve), re-
lative entropy of entanglement ER (solid curve) and E =
max {0,− log2 (1− EG (ρ))− S (ρ)} (dashed curve) of the
state ρ = p |ψ〉 〈ψ| + (1− p) |01〉 〈01| with |ψ〉 = √a |01〉 +√
1− a |10〉 for p = 910 as a function of a.
max {0,− log2 (1− EG (ρ))− S (ρ)} (dashed curve)
as a function of a for p = 99100 and p =
9
10 respectively.
It can be seen that E drops quickly with increasing
entropy of the state, and thus is nontrivial only for
states close to pure states with high entanglement.
In [25, 26] the authors gave lower bounds for the relat-
ive entropy of entanglement in terms of the von Neu-
mann entropies of the reduced states, which provide bet-
ter lower bounds for ER than (30). Thus, the inequality
(30) should be seen as a connection between the two en-
tanglement measures ER and EG, and not as an improved
lower bound for ER.
IV. ENTANGLEMENT MEASURES FOR TWO
QUBITS
A. Bures measure of entanglement
We can use Proposition 1 to evaluate entanglement meas-
ures for two qubit states. From [12, 17] we know the geo-
metric measure for two-qubit states as a function of the
concurrence, see eq. (14). Using this together with eq.
(28) we find the fidelity of separability as function of the
concurrence:
Fs(ρ) = max
σ∈S
F (ρ, σ) = 12
(
1 +
√
1− C (ρ)2
)
. (41)
Now we are able to give an expression for the Bures meas-
ure of entanglement for two qubit states, remember its
definition in eq. (3).
Proposition 3. For any two qubit state ρ the Bures
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Figure 4. Plot of the geometric measure of entanglement EG,
Bures measure of entanglement EB and Groverian measure of
entanglement EGr as a function of the concurrence C for two
qubit states. All measures were renormalised such that they
reach 1 for maximally entangled states.
measure of entanglement is given by
EB (ρ) = 2− 2
√√√√1 +√1− C (ρ)2
2 . (42)
Note that for a maximally entangled state EG = 12 and
EB = 2 −
√
2. In order to compare these measures we
renormalise them such that each of them becomes equal
to 1 for maximally entangled states. We show the result
in Figure 4. There we also plot the Groverian measure
of entanglement, see eq. (4).
B. Measures induced by the geometric measure of
entanglement
We consider now any generalised measure of entangle-
ment for two qubit states ρ which can be written as a
function of the geometric measure of entanglement:
Ef (ρ) = f (EG (ρ)) . (43)
Proposition 4. Let f (x) be any convex function that is
nonnegative for x ≥ 0 and obeys f (0) = 0. Then for two
qubits Ef (ρ) = f (EG (ρ)) is equal to its convex roof, that
is
Ef (ρ) = min
∑
i
piEf (|ψi〉) = f
(
1
2
(
1−
√
1− C (ρ)2
))
,
(44)
where the minimisation is done over all pure state de-
compositions of ρ.
Proof. From [12] we know that the geometric measure of
entanglement is a convex nonnegative function of the con-
currence, see also (14) and Figure 4. As shown in [12],
6from convexity follows that EG and EF have identical
optimal decompositions, and every state in this optimal
decomposition has the same concurrence. This observa-
tion led directly to the expression (14) for EG of two
qubit states.
As f is convex, Ef also is a convex function of the concur-
rence. To see this we note that convexity of EG implies
EG
(∑
i
piCi
)
≤
∑
i
piEG (Ci) , (45)
where we defined EG (C) = 12 (1 −
√
1− C2). As f (x)
is convex, nonnegative and f (0) = 0, it also must be
monotonously increasing for x ≥ 0. Thus we have
f
(
EG
(∑
i
piCi
))
≤ f
(∑
i
piEG (Ci)
)
. (46)
Now we can use convexity of f to get
f
(
EG
(∑
i
piCi
))
≤
∑
i
pif (EG (Ci)) . (47)
Defining Ef (C) = f (EG (C)) = f
( 1
2
(
1−√1− C2))
the inequality above becomes
Ef
(∑
i
piCi
)
≤
∑
i
piEf (Ci) . (48)
This proves that Ef (C) is a convex function of the con-
currence. Using the same argumentation as was used in
[12] to prove the expression (14) we see that (44) must
hold.
As an example consider the Bures measure of entangle-
ment which can be written as EB (ρ) = Ef (ρ) with the
convex function f = 2 − 2√1− EG (ρ). Using Proposi-
tion 4 we see that for two qubits the Bures measure of
entanglement is equal to its convex roof.
However, this might not be the case for a general higher-
dimensional state ρ. To see this assume that EB (ρ) is
equal to min
∑
i piEB (|ψi〉). This means that
√
Fs (ρ) is
equal to max
∑
i pi
√
Fs (|ψi〉). On the other hand, from
Theorem 1 we know that
Fs (ρ) = max
∑
i
piFs (|ψi〉) , (49)
and using monotonicity and concavity of the square root
we see:√
Fs (ρ) = max
√∑
i
piFs (|ψi〉) ≥ max
∑
i
pi
√
Fs (|ψi〉).
(50)
The Bures measure of entanglement is equal to its convex
roof if and only if the inequality (50) becomes an equality
for all states ρ.
Finally we note, that any entanglement measure Eh
defined as Eh (ρ) = minσ∈S h (F (ρ, σ)) with a mono-
tonously decreasing nonnegative function h, h (1) = 0,
becomes Eh (ρ) = h (Fs (ρ)), and can be evaluated ex-
actly for two qubits using Proposition 1. An example of
such a measure is the Bures measure of entanglement.
V. OPTIMAL DECOMPOSITIONS W.R.T.
GEOMETRIC MEASURE OF ENTANGLEMENT
AND CONSEQUENCES FOR CLOSEST
SEPARABLE STATES
Let ρ be an n-partite quantum state acting on a finite-
dimensional Hilbert space H = ⊗ni=1Hi of dimension d.
A decomposition of a mixed state ρ is a set {pi, |ψi〉} with
pi > 0,
∑
i pi = 1, and ρ =
∑
i pi |ψi〉 〈ψi|. Through-
out this paper we will call a decomposition optimal if it
minimises the geometric measure of entanglement, i.e. if
EG (ρ) =
∑
i piEG (|ψi〉). A separable state σ is a closest
separable state to ρ if EG (ρ) = 1−F (ρ, σ). In the follow-
ing we will show how to find an optimal decomposition
of ρ, given a closest separable state.
A. Equivalence between closest separable states
and optimal decompositions
In the maximisation of F (ρ, σ) we can restrict ourselves
to separable states σ acting on the same Hilbert space H.
To see this, note that this is obviously true for pure states,
as we can always find a pure separable state |φ〉 ∈ H
such that |〈ψ|φ〉|2 is maximal. (Extra dimensions cannot
increase the overlap with the original state.) Let now
σ =
∑
i qi |φi〉 〈φi| be a closest separable state with puri-
fication |φ〉 such that Fs (ρ) = |〈ψ|φ〉|2, where |ψ〉 is a
purification of ρ. We can again write the purifications as
|ψ〉 =
∑
i
√
pi |ψi〉 |i〉 , (51)
|φ〉 =
∑
j
√
qj |φj〉 |j〉 , (52)
with separable pure states |φj〉 such that
√
Fs (|ψi〉) =
〈ψi|φi〉. As the states |φj〉 are elements of H, the reduced
state σ = Tra [|φ〉 〈φ|] is a bounded operator acting on the
same Hilbert space H, Tra denotes partial trace over the
ancillary Hilbert space spanned by the orthonormal basis
{|i〉}.
Now we are in position to prove the following result.
Proposition 5. Let ρ be an n-partite quantum state
acting on H = ⊗ni=1Hi. The separable state σ =∑s
j=1 qj |φj〉 〈φj | with s ≥ d separable pure states |φj〉
and
∑s
j=1 qj = 1, qi ≥ 0, is the closest separable
7state if and only if there exists an optimal decomposi-
tion {pi, |ψi〉}si=1 with s ≥ d elements such that holds:√
Fs (|ψi〉) = 〈ψi|φi〉 and qi = piFs(|ψi〉)∑
k
pkFs(|ψk〉) .
Proof. In the following {|i〉} denotes a basis on the an-
cillary Hilbert space Ha. The closest separable state
σ =
∑s
j=1 qj |φj〉 〈φj | can be purified by
|φ〉 =
s∑
j=1
√
qj |φj〉 |j〉 . (53)
We write a purification of the state ρ as
|ψ〉 =
s∑
i=1
√
λi |λi〉U |i〉 , (54)
where λi are the eigenvalues and |λi〉 are the correspond-
ing eigenstates of ρ, with λi = 0 for i ≥ d, and U is a
unitary acting on the ancillary Hilbert space Ha. Ac-
cording to Uhlmann’s theorem [8, 21] it holds:
|〈ψ|φ〉|2 ≤ F (ρ, σ) = Fs (ρ) . (55)
In the following let U be a unitary such that equality is
achieved in (55); its existence is assured by Uhlmann’s
theorem. Writing U =
∑s
k,l=1 ukl |k〉 〈l| in (54) we get:
|ψ〉 =
s∑
k,l=1
ukl
√
λl |λl〉 |k〉 =
s∑
k=1
√
pk |ψk〉 |k〉 (56)
with √pk |ψk〉 =
∑s
l=1 ukl
√
λl |λl〉. Note that
{pk, |ψk〉}sk=1 is a decomposition of ρ.
We will now show that {pk, |ψk〉}sk=1 is an optimal de-
composition by showing that |〈ψ|φ〉|2 = ∑i piFs (|ψi〉).
As we chose the purifications such that |〈ψ|φ〉|2 = Fs (ρ),
this will complete the proof. Computing the overlap
|〈ψ|φ〉|2 using (53) and (56) we get:
|〈ψ|φ〉|2 =
∣∣∣∣∣∑
i
√
piqi 〈ψi|φi〉
∣∣∣∣∣
2
. (57)
As in the proof of Theorem 1, maximality of (57) implies
that |〈ψi|φi〉| =
√
Fs (|ψi〉) and qi = piFs(|ψi〉)∑
k
pkFs(|ψk〉) . Then
we immediately see that {pk, |ψk〉}sk=1 is optimal, because
Fs (ρ) = |〈ψ|φ〉|2 =
∑s
i=1 piFs (|ψi〉), which is exactly the
optimality condition.
So far we proved the existence of an optimal decompos-
ition {pi, |ψi〉} with the property
√
Fs (|ψi〉) = 〈ψi|φi〉
starting from the existence of the closest separable state
σ =
∑s
j=1 qj |φj〉 〈φj |. Now we will prove the inverse dir-
ection. Given an optimal decomposition {pi, |ψi〉}si=1 we
will find a closest separable state. We again define the
purifications of ρ and σ as
|ψ〉 =
s∑
i=1
√
pi |ψi〉 ⊗ |i〉 , (58)
|φ〉 =
s∑
j=1
√
qj |φj〉 ⊗ |j〉 , (59)
where we define the states |φj〉 to be separable and
to have maximal overlap with |ψj〉, i.e. 〈ψj |φj〉 =√
Fs (|ψj〉). The real numbers qj are defined as follows:
qj = pjFs(|ψj〉)∑
k
pkFs(|ψk〉) . Now we note that |〈ψ|φ〉|
2 = Fs (ρ)
because the decomposition {pi, |ψi〉} was defined to be
optimal. Thus we see that there exists no purification
|φ′〉 such that |〈ψ|φ′〉| > |〈ψ|φ〉|. Together with Uhl-
mann’s theorem this implies that F (ρ, σ) = Fs (ρ).
B. Caratheodory bound
Now we are in position to show that the number of ele-
ments in an optimal decomposition (w.r.t. the geometric
measure of entanglement) is bounded from above by the
Caratheodory bound.
Corollary 1. For any state ρ acting on a Hilbert space of
dimension d always exists an optimal (w.r.t. the geomet-
ric measure of entanglement) decomposition {pi, |ψi〉}si=1
such that s ≤ d2.
Proof. Let σ be a closest separable state. From Cara-
theodory’s theorem [7, 27] follows that σ can be written
as a convex combination of s ≤ d2 pure separable states.
According to Proposition 5 the state σ can be used to
find an optimal decomposition with s elements.
VI. STRUCTURE OF OPTIMAL
DECOMPOSITION W.R.T. GEOMETRIC
MEASURE OF ENTANGLEMENT
In this section we will show that the optimal decomposi-
tion of ρ with respect to the geometric measure of entan-
glement has a certain symmetric structure.
A. n-partite states
First we derive the structure of an optimal decomposition
{pi, |ψi〉} for a general n-partite state.
8Proposition 6. Every optimal decomposition
{pi, |ψi〉}si=1 must have the following structure:√
Fs (|ψk〉) 〈ψi|φk〉 =
√
Fs (|ψi〉) 〈φi|ψk〉 (60)
for all 1 ≤ i, k ≤ s. Here the states |φi〉 are separable
and have the property 〈φi|ψi〉 =
√
Fs (|ψi〉).
Eq. (60) represent a nonlinear system of equations. Find-
ing all solutions of it is equivalent to computing the op-
timal decomposition of ρ. For pure states our result re-
duces to the nonlinear eigenproblem given in equations
(5a) and (5b) in [12].
Proof. Let the states |i〉 denote an orthonormal basis on
the ancillary Hilbert space Ha. Let |ψ〉 =
∑
i
√
pi |ψi〉 |i〉
and |φ〉 = ∑j √qj |φj〉 |j〉 be purifications of ρ and σ, re-
spectively, such that {pi, |ψi〉} is an optimal decompos-
ition of ρ, 〈ψi|φi〉 =
√
Fs (|ψi〉) and qi = piFs(|ψi〉)∑
k
pkFs(|ψk〉) .
This implies that
Fs (ρ) = |〈ψ|φ〉|2 =
∑
i
|〈ψ| (|φi〉 ⊗ |i〉)|2 . (61)
Optimality implies that |〈ψ|φ〉|2 is stationary under unit-
aries acting on the ancillary Hilbert space Ha (for sta-
tionarity under unitaries acting on the original space see
subsection VIE), that is
d
dt
∣∣〈ψ|eitHa |φ〉∣∣2
t=0 = 0 (62)
for any Hermitian Ha = H†a acting on Ha and the deriv-
ative is taken at t = 0. Using (61) we can write∣∣〈ψ|eitHa |φ〉∣∣2 = ∑
k
∣∣〈ψ| (|φk〉 eitHa |k〉)∣∣2 . (63)
The derivative at t = 0 becomes:
d
dt
∣∣〈ψ|eitHa |φ〉∣∣2
t=0 = Tra
[
Ha · Tra¯
[∑
k
(
Ak +A†k
)]]
(64)
with Ak = i (|φk〉 〈φk| ⊗ |k〉 〈k|) |ψ〉 〈ψ| and Tra¯ means
partial trace over all parts except for the ancillary space
Ha. Using (〈φk| 〈k|) |ψ〉 = √pk
√
Fs (|ψk〉) we can write
Ak as
Ak = i
√
pkFs (|ψk〉) |φk〉 |k〉 〈ψ| . (65)
Expression (64) has to be zero for all HermitianHa which
can only be true if Tra¯
[∑
k
(
Ak +A†k
)]
= 0 which is
equivalent to∑
k
Tra¯
[√
pkFs (|ψk〉) |φk〉 |k〉 〈ψ|
]
(66)
=
∑
k
Tra¯
[√
pkFs (|ψk〉) |ψ〉 〈k| 〈φk|
]
.
With |ψ〉 = ∑i√pi |ψi〉 |i〉 we get∑
i,k
√
pkpiFs (|ψk〉) 〈ψi|φk〉 |k〉 〈i| (67)
=
∑
i,k
√
pipkFs (|ψk〉) 〈φk|ψi〉 |i〉 〈k| .
Using orthogonality of {|i〉} completes the proof.
B. Bipartite states
Let us illustrate the structure of an optimal decompos-
ition with the example of bipartite states. We consider
the expression (60) for a bipartite mixed state ρ with op-
timal decomposition {pi, |ψi〉}. In this case it is possible
to write the Schmidt decomposition of the pure states
|ψi〉 as follows:
|ψi〉 =
∑
j
λi,j |j(1)i 〉 |j(2)i 〉 (68)
with
∑
j λ
2
i,j = 1, and the Schmidt coefficients are in
decreasing order, i.e. λi,1 ≥ λi,2 ≥ ... > 0. The separable
states |φi〉 that have the highest overlap with |ψi〉 are
given by
|φi〉 = |1(1)i 〉 |1(2)i 〉 ,
and
√
Fs (|ψi〉) = λi,1. With this in mind expression (60)
reduces to
λk,1 〈ψi|1(1)k 〉 |1(2)k 〉 = λi,1 〈1(1)i | 〈1(2)i |ψk〉 (69)
for all i, k.
C. Qubit-qudit states
Let now the first system be a qubit, that is d1 = 2. In
this case we can set λk,1 = cosαk and λk,2 = sinαk, with
cosαk ≥ sinαk. With |ψk〉 = cosαk |11〉+ sinαk |22〉 we
get from eq. (69)
cosαk sinαi
(
〈2(1)i |1(1)k 〉 〈2(2)i |1(2)k 〉
)
(70)
= cosαi sinαk
(
〈1(1)i |2(1)k 〉 〈1(2)i |2(2)k 〉
)
.
Noting that
∣∣∣〈2(1)i |1(1)k 〉∣∣∣ = ∣∣∣〈1(1)i |2(1)k 〉∣∣∣ it follows that
tanαi
tanαk
=
∣∣∣∣∣ 〈1(2)i |2(2)k 〉〈2(2)i |1(2)k 〉
∣∣∣∣∣ . (71)
It is interesting to mention that in the case d2 = 2 we can
simplify (71) to tanαi = tanαk. This means that in the
optimal decomposition {pi, |ψi〉} of a two-qubit state all
states |ψi〉 have the same Schmidt coefficients, a result
already known from [16].
9D. Nonoptimal stationary decompositions
Note that expression (60) is necessary, but not sufficient
for a decomposition to be optimal. To prove this we will
give two non-optimal decompositions that satisfy (60).
1. Bell diagonal states
Consider the state
ρ = 12 |ψ
+〉 〈ψ+|+ 12 |φ
+〉 〈φ+| , (72)
with |ψ+〉 = 1√2 (|01〉+ |10〉) and |φ+〉 =
1√
2 (|00〉+ |11〉). It is well known that the state
(72) is separable, and thus the decomposition into Bell
states cannot be optimal. On the other hand, it is easy
to see that this decomposition satisfies (60).
2. Separable states
Now we will give a more complicated example. We call a
decomposition {pi, |ψi〉}si=1 s-optimal if for a given num-
ber of terms s there is no decomposition {qi, |φi〉}si=1 such
that
∑s
i=1 qiEG (|φi〉) <
∑s
i=1 piEG |ψi〉. It is known [2]
that there exist separable states ρ of dimension d with
the property that any d-optimal decomposition is not
separable and thus not optimal. Let {pi, |ψi〉}di=1 be a
d-optimal decomposition of such a state ρ.
We write a purification of ρ as |ψ〉 = ∑di=1√pi |ψi〉 |i〉.
Further we define separable states |φi〉 such that
〈ψi|φi〉 =
√
Fs (|ψi〉), qi = piFs(|ψi〉)∑
k
pkFs(|ψk〉) and |φ〉 =∑d
j=1
√
qj |φj〉 |j〉. Then it holds that:
|〈ψ|φ〉|2 =
d∑
i=1
piFs (|ψi〉)2 . (73)
From d-optimality of |〈ψ|φ〉|2 follows that for all Her-
mitian matrices acting on a d-dimensional Hilbert space
Ha
d
dt
∣∣〈ψ|eitHa |φ〉∣∣2
t=0 = 0 (74)
holds. We will now show that ddt
∣∣〈ψ|eitHa |φ〉∣∣2
t=0 = 0 also
holds for dim(Ha) ≥ d. This means that adding more
dimensions to the ancillary Hilbert space will not help.
Doing the same calculation as in the proof of Proposition
6 we get:
d
dt
∣∣〈ψ|eitHa |φ〉∣∣2
t=0 = Tra
Ha · Tra¯
d(Ha)∑
k=1
(
Ak +A†k
)
(75)
with Ak = i
√
pkFs (|ψk〉) |φk〉 |k〉 〈ψ|. Note that Ak is
nonzero only for k ≤ d, because pk = 0 otherwise. Thus
we can restrict ourselves to k ≤ d in the calculation,
which is equivalent to setting dim(Ha) = d. Then (74)
implies Tra¯
[∑d(Ha)
k=1
(
Ak +A†k
)]
= 0 and it follows that
(74) holds for arbitrary d (Ha) ≥ d.
E. Stationarity on the original subspace
In Proposition 6 we used the argument that in the op-
timal case |〈ψ|φ〉|2 has to be stationary under unitaries
acting on the ancillary Hilbert spaceHa. In (61) we could
rewrite this expression as
Fs (ρ) = |〈ψ|φ〉|2 =
∑
i
|〈ψ|φi〉 |i〉|2 ,
where all |φi〉 are separable. We can also demand∑
i |〈ψ|φi〉 |i〉|2 to be stationary under (separable) unitar-
ies acting on the original Hilbert space of the states |φi〉.
From this procedure we will gain stationary equations de-
scribing the states |φi〉. However, we already know that
in the optimal case we can choose |φi〉 to be the closest
separable state to |ψi〉, that is 〈ψi|φi〉 =
√
Fs (|ψi〉), such
that this method does not give new results.
VII. CONCLUDING REMARKS
We have shown in this paper that the geometric measure
of entanglement belongs to two classes of entanglement
measures. Namely it is a convex roof measure and also a
distance measure of entanglement. As an application we
gave a closed formula for the Bures measure of entangle-
ment for two qubits. We also note that the revised geo-
metric measure of entanglement defined in [28] is equal
to the original geometric measure of entanglement.
We furthermore proved that the problems of finding a
closest separable state and finding an optimal decompos-
ition are equivalent. We used this insight to bound the
number of elements in an optimal decomposition (with
respect to the geometric measure of entanglement). It
turns out that the bound is exactly given by the Cara-
theodory bound.
Finally, we obtained stationary equations which ensure
optimality of a decomposition. For the case of two qubits
these equations lead to the known fact that each consti-
tuting state of an optimal decomposition has equal con-
currence. Our equations hold for any dimension. How-
ever, they are only necessary, not sufficient for a decom-
position to be optimal. Given an arbitrary decomposi-
tion, they provide a simple test whether the decomposi-
tion may be optimal.
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Appendix A: Geometric measure of a convex set
In Theorem 1 we stated that if S is the set of separable
states it holds:
Fs (ρ) = max
∑
i
piFs (|ψi〉) , (A1)
where Fs is the maximal fidelity between ρ and the set
of separable states: Fs (ρ) = maxσ∈S F (ρ, σ) and the
maximisation is done over all pure state decompositions
of ρ. In the following we will generalise this result to
arbitrary convex sets.
Let X be a set of states {σk} and C be a set containing
all convex combinations of the elements of X, these are
states σ such that holds:
σ =
∑
k
qkσk (A2)
with qk ≥ 0,
∑
k qk = 1. We define the quantities FX (ρ)
and FC (ρ) to be the maximal fidelity between ρ and an
element of X and C respectively:
FX (ρ) = max
σ∈X
F (ρ, σ) , (A3)
FC (ρ) = max
σ∈C
F (ρ, σ) . (A4)
Theorem 2. For an arbitrary quantum state ρ and a
convex set of states C holds
FC (ρ) = max
ρ=
∑
k
pkρk
∑
i
piFX (ρi) , (A5)
where the maximisation is done over all decompositions
of ρ =
∑
i piρi, pi ≥ 0.
Proof. The proof is a modification of the proof of The-
orem 1. According to Uhlmann’s theorem [21, page 411]
holds:
F (ρ, σ) = max
|φ〉
|〈ψ|φ〉|2 , (A6)
|ψ〉 is a purification of ρ and the maximisation is done
over all purifications of σ denoted by |φ〉.
In order to find FC (ρ) we have to maximise |〈ψ|φ〉|2 over
purifications |φ〉 of all states of the form σ = ∑k qkσk,
σk ∈ X. Using similar arguments as in the proof of the
Theorem 1 we see that the purifications can always be
written as
|ψ〉 =
∑
i
√
pi
∑
j
√
pi,j |ψi,j〉 ⊗ |i, j〉
 , (A7)
|φ〉 =
∑
k
√
qk
(∑
l
√
qk,l |φk,l〉 ⊗ |k, l〉
)
, (A8)
with 〈i, j|k, l〉 = δikδjl. In the maximisation of |〈ψ|φ〉|2
we are free to choose the states |φk,l〉 under the restriction
that
∑
l
√
qk,l |φk,l〉 ⊗ |k, l〉 purifies σk ∈ X, the probab-
ilities qk > 0 are restricted only by
∑
k qk = 1. We are
also free to choose {|ψi,j〉}, {pi} and {pi,j} under the re-
striction ρ =
∑
i,j pipij |ψi,j〉 〈ψi,j |. With this in mind
we get:
|〈ψ|φ〉| =
∣∣∣∣∣∣
∑
i,k
√
piqkai,k
∣∣∣∣∣∣ , (A9)
with ai,k being the product of the purifications of ρi and
σk:
ai,k =
∑
j
√
pi,j 〈ψi,j | ⊗ 〈i, j|
(∑
l
√
qk,l |φk,l〉 ⊗ |k, l〉
)
.
Now we optimise over {qk,l, |φk,l〉} with the result
ai,k =
√
FX (ρi)δik (A10)
and thus
max
{qk,l,|φk,l〉}
|〈ψ|φ〉| =
∑
i
√
qipi
√
FX (ρi). (A11)
Now we do the optimisation over qi. Using Lagrange
multipliers we get
√
qi =
√
pi
√
FX (ρi)√∑
k pkFX (ρk)
, (A12)
with the result
max
{qj ,qk,l,|φk,l〉}
|〈ψ|φ〉|2 =
∑
i
piFX (ρi) . (A13)
In the last step we do the maximisation over all decom-
positions {pi, ρi} of the given state ρ which leads to the
final result
FC (ρ) = max |〈ψ|φ〉|2 = max
∑
i
piFX (ρi) . (A14)
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